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Abstract— We consider multi-tone modulation (DMT,
DiscreteMultitone, OFDM, Orthogonal FrequencyDivi-
sionMultiplex) over cablebundlesand presenta compact
mathematical description of the transmission line. Both,
near- and far-endcrosstalk(NEXT, FEXT) aretaken into
accountand a newmethodfor removing far-endcrosstalk
is derived.
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I . MULTI-INPUT/MULTI-OUTPUT SYSTEMS AND

THEIR MATHEMATICAL DESCRIPTION

In this paper, we considera transmissionsystem,
whichconsistsof severalloopsfromonededicatedpoint
to another(e.g.,from the centraloffice to the cabinet).
We assumethat theseloops are usedfor bidirectional
datatransmission.Let

�
denotethe numberof loops

whichareusedfor transmissionfrom pointA to pointB
and � thenumberof loopswhich areusedin theoppo-
sitedirection(from B to A). ThisMIMO channelcanbe
describedusingamatrix �������
	 �������� ��� �������� � andamatrix
�����
��	 �������� ��� �������� � of time-discreteimpulseresponses.
Let ��� and  !� denotethetransmittedsymbolsequences
from point A to point B on loop " andfrom point B to
pointA on loop # . Thenthereceivedsymbolsequence$&% on loop ' is givenby (c.f., Fig. 1)
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For a moment,however, let us concentrateon only
one loop with a DMT transmissionover it. The data
is divided into blocks of length 6 and each block
(conjugate-complex extended) is passedthrough an
IFFT. Someredundancy is added,i.e., a guardinterval
of length 7 is prepended;througha transmitfilter and
thechannel,thedatareachesthereceiver, whereaftera
receive filter andfurther processing,the redundancy is
eliminated.An FFT anda frequency domainequaliza-
tion (whichsimplyperformsscalarmultiplicationswith
complex factors)is carriedoutandadecisiondevice re-
coverstheoriginal data. As shown in [1], many of the
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Fig. 1. FEXT andNEXT in a MIMO systemwithout self-
NEXT; self-FEXTwould meanthe D�E and F!E to becollo-
cated.

above operationscanbedescribedusingmatrices1:

G (IH J
K LMJON J�P LQJSR J
P T�JON U  J&V T �=W 	 (2)

Here, W denotesthe 6 -dimensionalsymbolvectorto be
transmitted,G the 6 -dimensionalsymbolvectorat the
inputof thedecisiondevice, V T thenon-linearoperation
of conjugatecomplex extension(it transformsan 6 -
dimensionalvector into a X�6 -dimensionalvector)andN the �AX�6Y	[Z\�AX�6]	 DFT matrix; the �AX�6 , 7^	_Z\�AX�6]	
matrix P T describesthe additionof the guardinterval,
the �AX�6 , 7^	�Z`�AX�6 , 7^	 matrix2 R representsthechan-
nel impulseresponse(note that transmitfilter, receive
filter, and further processingareconsideredaspart of
thechannel),the �AX�6]	[Z\�AX�6 , 7^	 matrix P L removes
the guardinterval, the 6aZb�AX�6Y	 matrix K L removes
thesecond6 componentsof a X�6 -dimensionalvector
(inversionof theconjugatecomplex extension),andthe
diagonal6cZd6 matrix H performsfrequency-domain
equalization.It is alsoassumedthat 7 is chosengreater
than the length of the channelimpulseresponse(i.e.,
whereit significantlydiffersfrom zero).Thenit canbe
shown [1] that P L J&R JeP T representsacyclic convolu-
tion andthereforeN JAP L J�R J:P T J�N U  is a �AX�6Y	�Z`�AX�6]	
diagonalmatrix. Furthermore,it canbeeasilyseenthatf

This equationdescribesthe transmissionof oneblock which is
partof a sequenceof transmittedblocksgih

is aconvolutionmatrix: it consistsof theelementsof thechan-
nel impulseresponse
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K LjJkN JlP LmJkR JlP TnJkN U  J:V T �=W 	 (Io J W with an 6pZm6
diagonalmatrix o .

Now, we return to our MIMO systemwith a DMT
modulationschemeon eachloop, all having the same
parameters(especially, 6 and 7 ). We further neglect
NEXT, taking resort to various techniquesto remove
it (e.g., frequency division for the multiplexing of up-
streamand downstreamdata). Applying3 � % (qP T J
N U  JiV T �=W % 	 and r % (IK L J�N J!P L J�$ % to (1) andusing
thelinearity of theoperations,weget4

r % ( K L JON J
P L JSR %�% J�P T JSN U  JOV T �=W % 	 ,
, �.

�s���� ��/� %
K L JON J
P L J
R % � J�P T JSN U  JeV T �=W � 	

( �.
�s��

o % � J W � 5 (3)

Let r % �=t�	 and Wu�v�=t�	 denotethe t -th component(the
t -th carrier)of the 6 -dimensionalvectors r % and W � ,
respectively, and w % � �=t�	 the t -th diagonalelementof
the 6xZ-6 diagonalmatrix o % � . Then(3) canbeequiv-
alentlywrittenas

r % �=t�	 (
�.
�s�� w

% � �=t�	 J W � �=t�	sy t ({z y 5e5e5 y46 (4)

or in a morecompactway asmatrix-vectormultiplica-
tions

rn�=t�	 ( | �=t�	 J W}�=t�	sy t (~z y 5e5e5 y46 (5)

with

rn�=t�	�� ( �=r�S�=t�	 JeJeJ rv���=t�	�	l�-y| �=t�	�� ( �Aw % � �=t�	�	 % ������ ��� �������� � y and

W��=t�	�� ( �=W  �=t�	 JeJeJ W � �=t�	�	 � 5
Note thatoverlinedlettersspecifymatricesandvec-

tors that containtransmitfunctionsandsignalsat one
frequency, only, for all loops,whereasunderliningspec-
ifies matricesandvectorswith multiple frequenciesat
oneloop.
�
In fact, we do not only transmitone block but a sequenceof

blocks,but undercertainassumptions(all impulseresponses���=� ,���]�s���������A�
, have approximatelythesamedelayandtheir lengths

aresmallerthanthelengthof theguardinterval � ) thereis no inter-
block interferenceandit sufficesto consideronly oneblock��� � denotesthesymbolvectorbeforefrequency-domainequaliza-
tion of the � -th loop

I I . EQUALIZATION OF DMT-MIMO SYSTEMS

In this section,we derive a new DMT-MIMO system
equalizationmethod,or, to formulateit in anotherway,
we presentamethodfor removing FEXT.

Firstof all, observe thattheredoesnot occurFEXT if
andonly if thesystem matrices | �=t�	 arediagonalfor all
t (�z y 5e5e5 y46 . This becomesobvious from comparing
Eqn. (5) with Eqn. (1). Someprocessingis necessary
to obtainsuchdiagonalsystemmatrices.

Up to now, there exist proposalsto remove FEXT
in the literature[1], which are basedon the inversion
of the matrices | �=t�	 , either in the transmitteror in
thereceiver (this leadsto thedesireddiagonalunit ma-
trix). However, thesemethodsrequirethatall matrices| �=t�	 areinvertible,which is notguaranteedin general.
Bridge taps, e.g., lead to zerosin the transmit func-
tion at somefrequencies.Inversionmay thenbe prob-
lematic. Furthermore,inversionat the transmittermay
causestrongerdisturbancesof loopsoutsidetheMIMO
bundleandinversionat thereceiver mayenhancenoise.

We, instead,follow anotherstrategy of computing
singularvalue decompositions(SVDs) [2] of the ma-
trices | �=t�	 , i.e.5,

| �=t�	 ( � �=t�	 J � �=t�	 J �m� �=t�	sy t ({z y 5e5e5 y46 (6)

with unitary6
� Z � matrices� �=t�	 and � �=t�	 andreal

diagonal
� Z �

matrices � �=t�	 , whoseelementsare
greaterthanor equalto zero.

Let �e�=t�	 denotethe
�

-dimensionalsymbolvectorto
be transmittedon the t -th carrier over the whole ca-
ble bundle. We perform multiplicationsof thesevec-
tors with the matrices� �=t�	 , the resultingsymbolvec-
tors W}�=t�	�� ( � �=t�	 J �&�=t�	 are used as input of the
DMT-MIMO systemand the output symbol vectors
rn�=t�	 ( | �=t�	 J W}�=t�	 are thenmultiplied with the ma-

trices � � �=t�	 , whichyieldssymbolvectors

� �=t�	�� ( �j� �=t�	 J rn�=t�	
( �j� �=t�	 J | �=t�	 J W}�=t�	
( � � �=t�	 J | �=t�	 J � �=t�	 J �e�=t�	
( � � �=t�	 J � �=t�	 J � �=t�	 J � � �=t�	 J � �=t�	 J �&�=t�	( � �=t�	 J �e�=t�	�y (7)

whereweusedEqn.(6) andtheproperty � U  ( � � of
aunitarymatrix � . Notethattheresultingsystemmatri-
cesarethe diagonalmatrices� �=t�	 , eliminatingFEXT  ¡[¢[£¥¤u¦

denotesthe complex conjugatedand transposed(also
calledHermitiantransposed)matrix

¡�£¥¤§¦¨
alsocalledorthonormal
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completely. After frequency domainequalization(for
all loopsandfrequencies,separately),we finally obtain
thetransmittedsymbolvectors���=t�	 .

Now weareableto statethealgorithm for removing
FEXT. Thefollowing stepshave to becarriedout:

1. only oncein the startup-phase,as long asthe trans-
missionpropertiesdo not change:

(a) determinationof thesystemmatrices| �=t�	 ;
(b) calculationof the SVDs of the matrices| �=t�	 ,

i.e., | �=t�	 ( � �=t�	 J � �=t�	 J �j� �=t�	 ;
2. duringtransmission,for eachsymbolblockof theca-

blebundle:
(a) in the transmittermultiplicationsof thesymbol

vectorsto be transmitted( �e�=t�	 ) with the matri-
ces� �=t�	 , i.e., W}�=t�	�� ( � �=t�	 J �e�=t�	 ;

(b) transmissionof the resulting symbol vectors
( W_�=t�	 ) over the DMT-MIMO system, i.e.,
rn�=t�	 ( | �=t�	 J W��=t�	 ;

(c) in the receiver multiplications of the received
symbolvectors( rn�=t�	 ) with thematrices� � �=t�	 ,
i.e., � �=t�	�� ( �m� �=t�	 J �&�=t�	 ;

(d) frequency domainequalization(for all loopsand
frequencies,separately).

Remarks: Comparedto other proposals,this method
hasthe advantagethat a singularvaluedecomposition
of a matrix is always well defined. Furthermore,be-
causeof theunitarity of thematrices� �=t�	 and � � �=t�	 ,
theaveragepower of all loopsstaysthesameandthere
is neitheran increaseddisturbanceof other loops nor
anaveragenoiseenhancement.Wealsowantto empha-
sizethatthisconceptfor FEXT removal canbeextended
using a two-dimensional(over frequenciesand loops)
bit-loadingandpower-distribution algorithmandaddi-
tionalcodingin space(loops)/ time/ frequency maybe
applied,too (c.f., space-time coding [3]).

I I I . CONCLUSIONS

We presenteda generaldescriptionof symboltrans-
missionovercablebundlesincludingFEXT andNEXT.
Weappliedit to aDMT transmissionscheme;theresult
was a compactmathematicalformulation which was
basedon simplematrix-vectormultiplications. Singu-
lar value decompositionsof the systemmatriceswere
thekey to equalizetheFEXT channel.Finally, we mo-
tivatedthat two-dimensionalbit-loadingcanbeapplied
andcodeconstructionssimilar to so-calledspace-time
codesmaybeimplemented.
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