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Abstract— We consider multi-tone modulation (DMT,
Discrete Multitone, OFDM, Orthogonal FrequencyDivi-
sion Multiplex) over cablebundlesand presenta compact
mathematical description of the transmissionline. Both,
near- and far-end crosstalk(NEXT, FEXT) aretakeninto
accountand a newmethodfor removing far-endcrosstalk
is derived.
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[. MULTI-INPUT/MULTI-OUTPUT SYSTEMS AND
THEIR MATHEMATICAL DESCRIPTION

In this paper we considera transmissionsystem,
whichconsistof severalloopsfrom onededicategoint
to another(e.g.,from the centraloffice to the cabinet).
We assumethat theseloops are usedfor bidirectional
datatransmission.Let K denotethe numberof loops
whichareusedfor transmissiorirom pointA to pointB
and L the numberof loopswhich areusedin the oppo-
sitedirection(from B to A). ThisMIMO channekanbe
describedisingamatrix (hi;);_y.  j—1.  @ndamatrix

(9nm)n=1..x,m=1..1, Of time-discretempulseresponses.
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Fig. 1. FEXT andNEXT in a MIMO systemwithout self-
NEXT; self-FEXTwould meanthe b; andc; to becollo-
cated.

above operationsanbe describedisingmatrices:

z2=2-Cp-F-Gp-H-Gi-E "-Ci(z) (2
Here,z denoteghe N-dimensionakymbolvectorto be
transmitted z the N-dimensionalkymbolvectorat the
input of thedecisiondevice,C; thenon-linearoperation
of conjugatecomplex extension(it transformsan N-

Leta; andb,, denotethetransmittedsymbolsequences gimensionalvectorinto a 2N-dimensionalvector)and

from point A to point B onloop j andfrom point B to
pointA onloop m. Thenthereceved symbolsequence
¢ onloopk is givenby (c.f., Fig. 1)

K L
Ckthk*ak‘l'Z hkj*aj+zgkm*bm-(1)
J=1,j#k

FEXT

For a moment,however, let us concentrateon only
oneloop with a DMT transmissiorover it. The data
is divided into blocks of length N and each block
(conjugate-comple extended)is passedthrough an
IFFT. Someredundang is added,.e., a guardintenal
of lengthv is prependedthrougha transmitfilter and
thechannelthe datareachegherecever, whereaftera
receve filter andfurther processingthe redundang is
eliminated. An FFT anda frequeng domainequaliza-
tion (which simply performsscalamultiplicationswith
comple factors)is carriedoutanda decisiondevice re-
coversthe original data. As shavn in [1], mary of the

m=1

NEXT

F the(2N) x (2N) DFT matrix; the (2N +v) x (2N)
matrix G; describeshe additionof the guardinterval,
the(2N +v) x (2N +v) matrix’ H representthechan-
nel impulseresponsgnote that transmitfilter, receve
filter, andfurther processingare consideredas part of
thechannel)the (2N) x (2N + v) matrix G removes
the guardintenal, the N x (2N) matrix Cp removes
thesecondN component®f a 2N-dimensionalector
(inversionof the conjugatecomple extension),andthe
diagonalN x N matrix Z performsfrequeng-domain
equalizationt is alsoassumedhatv is chosergreater
than the length of the channelimpulseresponsd(.e.,
whereit significantlydiffersfrom zero). Thenit canbe
shavn [1] thatGy - H - G represents.cyclic convolu-
tion andthereforeF - G- H-G;-F~lisa(2N) x (2N)
diagonalmatrix. Furthermoreit canbe easilyseenthat

1 This equationdescribeghe transmissiorof one block which is
partof asequencef transmittedblocks

2 H is acorvolution matrix: it consistsf theelementof thechan-
nelimpulseresponse
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Cp-F-Gp-H-G;-F~! Cr(z) = S-zwithanN x N
diagonalmatrix S.

Now, we returnto our MIMO systemwith a DMT
modulationschemeon eachloop, all having the same
parametergespecially N andv). We further neglect
NEXT, taking resortto varioustechniquesto remove
it (e.g.,frequenyg division for the multiplexing of up-
streamand downstreamdata). Applying® a, = G -
F~'-Ci(zy) andy, = Cg-F-Gg-c to (1) andusing
thelinearity of the operationsye get*

QR'E'QR'ﬂkk'QI'E_l'CI(EIC)-{—

Yy =

K
+ Z QR'E'QR'ﬂkj'Q['Eil'cl(lj)
=Ttk

K
= Zﬁkj "Lj. 3)
7j=1

Lety,(n) andz;(n) denotethe n-th componen(the
n-th carrier) of the N-dimensionalvectorsy, andz;,
respectiely, and s;;(n) the n-th diagonalelementof
the N x N diagonalmatrix Sy;. Then(3) canbeequv-
alentlywrittenas

K
yk(n):ZskJ(n)x](n), n=1,...,N (4)
j=1

or in amorecompactway as matrix-vector multiplica-
tions

7y(n) = A(n)-zZ(n), n=1,...,N (5)
with
y(n) (1(n) -+ yx(n)T,
A(n) = (sk5(n) g=1..K j—1.K » @N
Z(n) = (z1(n)---zx(n)"

Note that overlinedlettersspecifymatricesandvec-
tors that containtransmitfunctionsand signalsat one
frequeng, only, for all loops,whereasinderliningspec-
ifies matricesand vectorswith multiple frequenciesat
oneloop.

3In fact, we do not only transmitone block but a sequenceof
blocks, but undercertainassumptiongall impulseresponsesy;,
j=1,..., K, have approximateljthe samedelayandtheirlengths
aresmallerthanthelengthof the guardinterval v/) thereis nointer-
blockinterferenceandit sufficesto consideronly oneblock

4y denoteshesymbolvectorbeforefrequeng-domainequaliza-
tion of the k-th loop
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[I. EQUALIZATION OF DMT-MIMO SYSTEMS

In this sectionwe derive anev DMT-MIMO system
equalizatiormethod,or, to formulateit in anothemway,
we presentamethodfor removing FEXT.

Firstof all, obsere thattheredoesnot occurFEXT if
andonly if thesystemmatrices A(n) arediagonaffor all
n = 1,...,N. Thisbecomebviousfrom comparing
Egn. (5) with Egn. (1). Someprocessings necessary
to obtainsuchdiagonalsystemmatrices.

Up to now, there exist proposalsto remove FEXT
in the literature[1], which are basedon the inversion
of the matricesA(n), eitherin the transmitteror in
therecever (this leadsto the desireddiagonalunit ma-
trix). However, thesemethodsrequirethatall matrices
A(n) areinvertible, whichis notguaranteedh general.
Bridge taps, e.g., lead to zerosin the transmit func-
tion at somefrequencies.Inversionmay thenbe prob-
lematic. Furthermorejnversionat the transmittermay
causestrongerdisturbancesf loopsoutsidethe MIMO
bundleandinversionattherecever mayenhanceoise.

We, instead,follow anotherstratgy of computing
singularvalue decompositiongSVDs) [2] of the ma-
tricesA(n), i.e®,

— — —H
Q(n) - A(n) - P~ (n),
with unitary K x K matricesQ(n) andP(n) andreal
diagonal K x K matricesA(n), whoseelementsare
greaterthanor equalto zero.

Let#(n) denotethe K -dimensionakymbolvectorto
be transmittedon the n-th carrier over the whole ca-
ble bundle. We perform multiplicationsof thesevec-
tors with the matricesP(n), the resultingsymbolvec-
tors Z(n) := P(n) - t{(n) are usedas input of the
DMT-MIMO systemand the output symbol vectors
7(n) = A(n) - Z(n) arethenmultiplied with the ma-
trices@H(n), whichyieldssymbolvectors

A(n) = n=1,...,N (6)

o

(n) = Q"(n) 7(n)
= Q" (n)-4A(n) - 7(n)
= Q"(n)-A(n) - P(n)-i(n)
= Q"'m)-Qn)-K(n)-P"(n) - P(n) - Un)
= A(n)-7n), ™

wherewe usedEqn. (6) andthepropertyll * = T of
aunitarymatrixU. Notethattheresultingsystenmatri-
cesarethe diagonalmatricesA(n), eliminating FEXT

5ﬁH(n) denotesthe complex conjugatedand transposedalso
calledHermitiantransposedinatrix P(n)
Salsocalledorthonormal
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completely After frequeng domainequalization(for
all loopsandfrequenciesseparately)we finally obtain
thetransmittedsymbolvectorst(n).

Now we areableto statethealgorithm for removing
FEXT. Thefollowing stepshave to becarriedout:

1. only oncein the startup-phasegslong asthe trans-
missionpropertiesdo notchange:

(a) determinatiorof the systemmatricesA (n);

(b) calculationof the SVDs of the matricesA(n),
i.e., A(n) = Q(n) - K(n) - P (n);

2. duringtransmissionfor eachsymbolblock of theca-
ble bundle:

(a) in the transmittermultiplicationsof the symbol
vectorsto be transmitted(¢(n)) with the matri-
cesP(n),i.e.,z(n) := P(n) - t(n);

(b) transmissionof the resulting symbol vectors
(z(n)) over the DMT-MIMO system, i.e.,
y(n) = A(n) - Z(n);

(c) in the recever multiplications of the receved
symbolvectors(y(n)) with the matrice@H(n),
ie., 7 (n) = Q" (n) - {(n);

(d) frequeng domainequalizatior(for all loopsand
frequenciesseparately).

Remarks: Comparedto other proposalsthis method
hasthe adwantagethat a singularvalue decomposition
of a matrix is always well defined. Furthermore be-

causeof the unitarity of the matricesP(n) andQ"” (n),
the averagepower of all loopsstaysthe sameandthere
is neitheran increaseddisturbanceof otherloops nor
anaveragenoiseenhancement\e alsowantto empha-
sizethatthisconcepfor FEXT removal canbeextended
using a two-dimensionakover frequenciesand loops)
bit-loadingand power-distribution algorithmandaddi-
tional codingin spacgloops)/ time/ frequeng maybe
applied,too (c.f., space-time coding [3]).

I1l. CONCLUSIONS

We presentech generaldescriptionof symboltrans-
missionover cablebundlesincluding FEXT andNEXT.
We appliedit to aDMT transmissiorschemetheresult
was a compactmathematicalformulation which was
basedon simple matrix-vector multiplications. Singu-
lar value decomposition®f the systemmatriceswere
thekey to equalizethe FEXT channel.Finally, we mo-
tivatedthattwo-dimensionabit-loadingcanbe applied
and codeconstructionssimilar to so-calledspace-time
codesmaybeimplemented.
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