gth InternationalOFDM-Workshop(InOWo) 2001,Hamhurg

31-1

PAR reductionrevisited:
anextensionto Tellados method

WernerHenkel andValentinZrno
TelecommunicationResearcltCenterVienna(FTW)
Vienna,Austria
WernerHenlel@ieee.q

Abstract—Multi-tone modulation (DMT, Discrete Mul-
titone, OFDM, Orthogonal Frequency Division Multi-
plex) hasthe disadvantage of a high peak-to-averagera-
tio (PAR). The leastcomplexapproachfor peakreduction
by JoseTellado called ‘tone resewation’, operating com-
pletely in time domain, hasnot beenable to take into ac-
count the transmit filter, which increasegshe PAR, again,
dueto overshooting Herein, we proposean extendedpro-
cedure that is able to accountfor any arbitrary filter re-
sponse.

Keywords— PAR, peak-to-averageratio, Crest factor,
DMT, OFDM

|. TELLADO’S TONE RESERVATION METHOD

Tellados original proceduregeducegpeaksn thetime
domainby iterative subtractiorof Dirac-like functions.
Theideais developedfrom thefinding thatclippedpor
tionsof thetime-domainsignalcanbewritten as

X_xclipzz‘ﬂi'(éﬁmi)a (1)

wherethe 3; arethevaluesexceedingtheclip threshold
X.ip andthem; aretheclip locations.” — m” denotes
(cyclic) shift by m and/ is the Dirac vectorwith aone
at time zero and zero elsavhere. The Dirac function
¢ would requirethe whole DFT frame andwould thus
notallow to transmitinformationary more.Theideais
now to resene only someof thefrequeng binsanduse
themto generatea Dirac-like time-domairsignalp that
could be subtractedteratively (at peaklocations)from
the signal resulting from the remainingcarriers used
for arbitrarydata. This meanghat (1) is approximated
by

YBi-(6—omi)=Y vi-(p=m), (2

7 (3

with someweighting coeficientsv;. A simplistic ap-
proachto find a suitableDirac-like function p is to set
all resened carriers(DFT bins)to a constan{suchthat
a Dirac-like function with its maximumnormalizedto

L At therecever, only thesecarriersareevaluated.

unity is obtained).If the binsarechoserat random af-
ter a certainnumberof trials, oneis ableto find a set
of suchbins that shawvs a sufiicient peakcomparedo
the sidelobesn the correspondindgime-domainvector
Additionally to choosingbins at random, somefixed
positionsmay be selectedwhich are not usedfor data
transmissiorat all or wherethe signal-to-noiseatio is
low. An exampleDirac-like functionis shavn in Fig. 1
whichhasbeenproducedvith 5%randomlychoserfre-
gueng bins. (This percentagef 5%is usedthroughout
for all examples.)

After having selectedhe bins and storedthe corre-
spondingtime-domainvector the following algorithm
is applied:

1. Initialize X to be the DFT-domaininformationvec-
tor with resered carrierssetto zero.

2. Initialize the time domainsolutionx(®) to x, which
resultsfrom the IFFT(X).

3. Findthevalueg:%) andlocationm for which

5| = maxy, ||

4, If |x§f3| < Target OF If © > ipq, thenstoptheitera-
tion andtransmitx(?), otherwise

5. Updatethetime-domainvectoraccordingo

xH) = xO o (28) —sign(zD) - a7 get) - (p — ™)
3)

1:=1+ 1;

goto3.

Equation(3) is a simplificationof a gradientmethod
consistingof multiple reductionsn onestep. Theterm
- (x%) — sigr(:cs,?) - Tiarget) TESUILSIN @ possiblere-
alizationof the+; in (2). As in similar gradientproce-
dures,a determineghe stepsizeandshouldbe chosen
dependendn z4,-4.; Which denotesthe desiredmanxi-
mumyvalue. Thisis thethresholdthatshouldnot be ex-
ceeded.Theiterative reductionprocedurdriesto force
suchexceedingvaluesto below thethreshold

*We determinethis thresholdby a desiredPAR limit per time-
domainblock. This resultsin athresholdthatvariesfrom block to
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« shouldgrow with the PAR limit. High valuesof the
stepsizea resultin worsecorvergence sincesidelobes
of theimpulse-like vectorp canmoreeasilycausenew
peaksexceedingthe relatively low thresholdat other
locations. The further the thresholdis from the RMS
value, the lower the chanceis to generatea new value
exceedingthethresholdelsavhere.

Figures2 and3 shav the complementargumulatve
frequeng distribution, i.e., the probabilitiesof exceed-
ing a given PAR® and the correspondingvoltage his-
togram,respectiely.

[I.THE EXTENSION

Tellado alreadyreporteddrastic performancedegra-
dationswhenevaluatingthe PAR after the transmitfil-
ter, which is the point of interestwhenthe filtering is
donebeforetheline driver. He alsoreportedin [4] that
the”structureof the FFT operatoiis lost afterfiltering”
whichweinterpretasa statementhatno suitableproce-
durehadbeenfoundthatcouldtake thefilter properties
into accountand maintainthe performanceof the pro-
cedure.

Neverthelessye foundthatintroducingthe filter re-
sponseinto the procedureis possible. To this endwe
usean oversamplingby, e.g.,L = 4 to representhe
analogwaveform with sufficient accurag. Then, we
determinearandomplacemenbf resered carriersthat
resultin a Dirac-like function after upsamplingandfil-
tering. Thismaynotresultin anicely shapedirac-like
impulse shapeat the input of the filter. This property
is however not requiredthere,but at the outputof the
filter. In the oversampleddomain,we definenot only
one, but L Dirac-like functionsandtry to spacethem
by one sample. The shift in the oversampledsignalis
realizedby the (circular)time shift propertyof the DFT
transform

z(n — 1 mod(LN))o—eX (k)e FZN . (4)
This shift property i.e., therotationby —jki 2%, is ap-
plied only to those componentsvhich correspondto
the original (non-oversampled)DFT frame. Through
anlFFT with the original (non-orersampledplocksize,
we obtain L non-oversampledime-domainvectors.In
parallel, an oversamplediltered Dirac-like vector set

block. This non-constanthresholdalso reducessmallerpeaks,if
themomentaryaveragepower is lower.

3the PAR definitionin hereandalsopresumedlyin Tellados pa-
persusesheaveragepower of anunprocessedignal(with all carri-
ersassumedo be active exceptfor the unprocesseteferencecurve
wherethe resened carriershave beensetto zero)asreferenceand
is thusa directmeasurdor the peakvoltage.
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is generatedhus leadingto two setsof "Dirac-like”
vectors, before and after oversampling,with I vec-
tors, each.Figure4 shaws the correspondindplock di-
agram. The uppermostblocks locate the peak of the
oversampledirac-like function. The subsequentlock
with roundededgesealizesatime shift to zeroandthe
neighboringL — 1 positions.This is doneapplyingthe
shift propertyto the resered carriers. The shift to zero
is required,since an arbitrary filter responsewill also
placethe peakof the Dirac-like functionto somearbi-
trary position. The division by 1/|p,,| normalizesthe
peakto unity.

For actualpeakreduction(see,Fig. 5), oneof the L
vectorswith the desiredpeaklocation (at the cancella-
tion position)is selectedn theoversampleaiomainand
in parallel,thesameselectiorandupdatingoperationis
performedwith the correspondingectorsbeforeover
sampling.This procedureggenerates time-domainsig-
nalin theoriginalsamplingratethatcanthenbefedinto
the real existing filter. The upperpartof Fig. 5 shavs
the processingf the non-oversampledsignal, whereas
thelower partshavs the paralleloperationsn oversam-
pledmode.For iteratve subtractionthe necessarghift
is splitinto ashiftin theoriginalnon-oversampledpac-
ing |m /L] andthe remainingshift of a fraction of the
original spacingis realizedby the choicewithin the set
of L functions(index (m mod L)).
Theresultingoversampledignalx atthe endof theit-
erationsafterthestopconditionhasbeenreacheds usu-
ally notrequired sincethenon-orersampledignalis to
befedthroughtherealexisting filter. Notethattheiter-
ative proceduras controlledby theoversamplediltered
signal and the non-orersampledis just computedto-
gethemwith it. Asoutput,however, thenon-orersampled
andnotfilteredsignalis required.Theiterationsareter-
minatedwhen all samples’absolutevaluesfall belov
thetamgetlevel z44,4¢¢ OF the maximumnumberof iter-
ationsi,, ., hasbeenreached.

We will studytwo differentfilter responsesa rect-
angularresponsavhich limits the bandto exactly half
of theoriginal samplingfrequeny (1/(2L) of theover
sampledone),anda Butterworth filter responsehosen
similarto thedefinitionin theITU-T G.996.1standards
documentstatinga typical ADSL roll-off (additionally
sin(z)/z-roll-off from sampleandhold),

1
_1)’

n=a/2-1 (j_w
1+1+2n)

n=0 Sn
with s,, = w3gs - (5 +H5 ,

Fpw (jw) = %)

wherewsqg denoteghe 3-dB edgefrequenyg. Theorder
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a/2 is selectedo be 6. The correspondingamplitude
responségsquared)s

w
w3dB

|Fpw (jw)|* = ﬁ . (6)

Togethemwith thesin(z) /z-roll-off, we obtainfrom (5)

1 sin(wTs/2)
ana/2—1 (j_w _ 1) wTs/2

n=0

FBW(jw) = ) (7)

with T thesamplingrate(2.208MHz for ADSL).

The Butterworth filter doesnot strictly limit theband
accordingto the samplingtheorem.As hasbeenstated
in (4), atime-shiftresultsin a rotationin the DFT do-
main, if we considerextendedvectorsaccordingto the
oversampling. A phaserotation in the non-etended
DFT-domainvector cannotrepresentotationsin alias
bands. This causedifferencesin the shapeof the L
shiftedversionsof the Dirac-like functions. Theensem-
blesof four (L = 4) Dirac-like functionsattheoutputof
therectangulaandthe Butterworth filters areshavn in
figures6 and7, respectrely. Theimpulsesatthe output
of the Butterworth filter do notalwaysshav thedesired
optimumlocationsof the peaks(aliasing). This maybe
controlledby modifying therotation.

The correspondingrectorsat the input of the filters
(notshawvn) areevenfurtherfrom the equidistanspac-
ing. However, the Dirac-like propertiesandright posi-
tionsarerequiredfor the outputof thefilter, not for the
input.

[11.PERFORMANCE RESULTS

We comparethe resultsof our new approachto the
original non-oversampledrelladomethod.In all cases,
the performanceatthe outputof the transmitfilter is in-
vestigated.Figure8 shaws the cornvergencein stepsof
10iterationsof the new approachdependenbn the tar
getPAR andthe stepsize. Figure9 compareghe com-
plementarycumulatve frequeng distributionsover the
PAR, i.e., the probabilitiesof exceedinga given PAR,
andFig. 10 compareghe correspondinglifferenthis-
togramsusing40 iterationsfor the new algorithm. The
limiting effect of the procedureis clearly visible and
alsothe dependencon thetamget PAR andon the step
size. Theresultsshawv thatthe performanceof the new
extendedmethoddoesnot seemto dependnuchonthe

actualshapeof the transmitfilter’s frequeng response.

Thisis in contrastto the original approachwhereespe-
cially steeyfilter slopeslike thatof the brick-wall filter
lead to weak performances.Comparedto the filtered
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original approachwe obtain PAR gains(at 10~°) of
3.3dB and 1.9 dB for the rectangularandthe Butter
worthfilters,respectiely, andwe areonly 0.6 dB off the
performanceof the unfilteredoriginal approach(which
cannotbe achiezedin reality).

IV.CONCLUSIONS

We have describedan extensionto the peak-paver
reductionschemeoriginally proposedoy Tellado. The
methodis basedon precomputingtwo setsof time-
domainvectorsbefoe andafter thetransmitfilter. The
onesafterthetransmitfilter have singlespikesatneigh-
boringpositions.TheseDirac-like vectorsaregenerated
by reseredcarriersandareusedto reductehepeakval-
ueshy iterative subtraction. In orderto determinethe
oversampledime-domainsignal, a larger FFT sizeis
required,which determinedhe compleity. The proce-
dure proved to deliver significantPAR reductiongains
almostindependenof the actualfilter response.
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Fig. 2. Complementancumulative frequeny distributions
overthe PAR for Tellado’s original procedurebeforeand Fig. 7. Centralsectionof a Dirac-like function at the output
afterfiltering; corvergencewith first 10iterationsandthe of a Butterworth filter
40th (thicker)
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Fig. 3. Histogramof voltage samplesapplying Tellado’s
original procedurebeforeand after filtering (7~ denotes
thesetof resenedcarriers)

Fig. 8. Corvergenceof the new extendedprocedurén steps
of 10iterations(40thiterationthicker)
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Fig. 10. Comparisorof histogramof the new extendedpro-
cedure(40iterations)with Tellado's original approach
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