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Abstract—Multi-tone modulation (DMT, DiscreteMul-
titone, OFDM, Orthogonal Frequency Division Multi-
plex) has the disadvantageof a high peak-to-averagera-
tio (PAR). The leastcomplexapproachfor peakreduction
by JoseTellado called ‘tone reservation’, operating com-
pletely in time domain, hasnot beenable to take into ac-
count the transmit filter, which increasesthe PAR, again,
dueto overshooting. Herein,weproposean extendedpro-
cedure that is able to account for any arbitrary filter re-
sponse.

Keywords— PAR, peak-to-average ratio, Crest factor,
DMT, OFDM

I .TELLADO’ S TONE RESERVATION METHOD

Tellado’soriginalprocedurereducespeaksin thetime
domainby iterative subtractionof Dirac-like functions.
Theideais developedfrom thefinding thatclippedpor-
tionsof thetime-domainsignalcanbewrittenas���������	��
��� ��� ������������������ (1)

wherethe � � arethevaluesexceedingtheclip threshold����� � 
 andthe � � aretheclip locations.” �!� ” denotes
(cyclic) shift by � and �� is theDirac vectorwith a one
at time zero and zero elsewhere. The Dirac function�� would requirethe whole DFT frameandwould thus
notallow to transmitinformationany more.Theideais
now to reserve only someof thefrequency binsanduse
themto generateaDirac-like time-domainsignal " that
couldbesubtractediteratively (at peaklocations)from
the signal resultingfrom the remainingcarriers1 used
for arbitrarydata. This meansthat (1) is approximated
by � � � � ���������� � �$# � ��% � ��� " �&� � �'� (2)

with someweightingcoefficients % � . A simplistic ap-
proachto find a suitableDirac-like function " is to set
all reservedcarriers(DFT bins)to a constant(suchthat
a Dirac-like function with its maximumnormalizedto(

At thereceiver, only thesecarriersareevaluated.

unity is obtained).If thebinsarechosenat random,af-
ter a certainnumberof trials, one is able to find a set
of suchbins that shows a sufficient peakcomparedto
thesidelobesin thecorrespondingtime-domainvector.
Additionally to choosingbins at random,somefixed
positionsmay be selectedwhich arenot usedfor data
transmissionat all or wherethesignal-to-noiseratio is
low. An exampleDirac-like functionis shown in Fig. 1
whichhasbeenproducedwith 5%randomlychosenfre-
quency bins. (Thispercentageof 5%is usedthroughout
for all examples.)

After having selectedthe bins andstoredthe corre-
spondingtime-domainvector, the following algorithm
is applied:

1. Initialize ) to be theDFT-domaininformationvec-
tor with reservedcarrierssetto zero.
2. Initialize the time domainsolution �+*-,/. to � , which
resultsfrom theIFFT(X).
3. Find thevalue 0 * � .1 andlocation � for which2 0 * � .1 2 �436587:9 2 0 * � .9 2
4. If

2 0 * � .1 2�; 0=<?>/@BADCE< of if FHGIF 1 >/J thenstopthe itera-
tion andtransmit�+* � . , otherwise
5. Updatethetime-domainvectoraccordingto� * �?KML . �N� * � . �6O �D� 0 * � .1 � sign� 0 * � .1 �P� 0=<?>/@BADCE< �P�D� " �Q���

(3)F�R � FTS4UWV
goto3.

Equation(3) is a simplificationof a gradientmethod
consistingof multiple reductionsin onestep.ThetermO �X� 0 * � .1 � sign� 0 * � .1 ��� 0=<?>D@BADCY< � resultsin a possiblere-
alizationof the % � in (2). As in similar gradientproce-
dures,O determinesthestepsizeandshouldbechosen
dependenton 0=<?>/@BADCE< which denotesthe desiredmaxi-
mumvalue.This is thethresholdthatshouldnot beex-
ceeded.Theiterative reductionproceduretries to force
suchexceedingvaluesto below thethreshold.2Z

We determinethis thresholdby a desiredPAR limit per time-
domainblock. This resultsin a thresholdthatvariesfrom block to
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O shouldgrow with thePAR limit. High valuesof the
stepsize O resultin worseconvergence,sincesidelobes
of the impulse-like vector [ canmoreeasilycausenew
peaksexceedingthe relatively low thresholdat other
locations. The further the thresholdis from the RMS
value,the lower the chanceis to generatea new value
exceedingthethresholdelsewhere.

Figures2 and3 show thecomplementarycumulative
frequency distribution, i.e., theprobabilitiesof exceed-
ing a given PAR3 and the correspondingvoltagehis-
togram,respectively.

I I .THE EXTENSION

Telladoalreadyreporteddrasticperformancedegra-
dationswhenevaluatingthePAR after the transmitfil-
ter, which is the point of interestwhen the filtering is
donebeforetheline driver. He alsoreportedin [4] that
the”structureof theFFT operatoris lost afterfiltering”
whichweinterpretasastatementthatnosuitableproce-
durehadbeenfoundthatcouldtake thefilter properties
into accountandmaintainthe performanceof the pro-
cedure.

Nevertheless,we foundthat introducingthefilter re-
sponseinto the procedureis possible. To this endwe
usean oversamplingby, e.g., \ ��] to representthe
analogwaveform with sufficient accuracy. Then, we
determinea randomplacementof reservedcarriersthat
resultin a Dirac-like functionafterupsamplingandfil-
tering.Thismaynot resultin anicelyshapedDirac-like
impulseshapeat the input of the filter. This property
is however not requiredthere,but at the outputof the
filter. In the oversampleddomain,we definenot only
one,but \ Dirac-like functionsand try to spacethem
by onesample. The shift in the oversampledsignal is
realizedby the(circular)timeshift propertyof theDFT
transform

0 �_^ �a` mod � \�b �c�cd ——egf ��hX�BikjPl 9m� Zonprqts (4)

This shift property, i.e., therotationby ��u h `wvBxy:z , is ap-
plied only to thosecomponentswhich correspondto
the original (non-oversampled)DFT frame. Through
anIFFT with theoriginal (non-oversampled)blocksize,
we obtain \ non-oversampledtime-domainvectors.In
parallel, an oversampledfiltered Dirac-like vector set

block. This non-constantthresholdalso reducessmallerpeaks,if
themomentaryaveragepower is lower.{

thePAR definition in hereandalsopresumedlyin Tellado’s pa-
persusestheaveragepowerof anunprocessedsignal(with all carri-
ersassumedto beactive exceptfor theunprocessedreferencecurve
wherethereserved carriershave beensetto zero)asreferenceand
is thusa directmeasurefor thepeakvoltage.

is generatedthus leading to two setsof ”Dirac-like”
vectors, before and after oversampling,with \ vec-
tors,each.Figure4 shows thecorrespondingblock di-
agram. The uppermostblocks locate the peakof the
oversampledDirac-like function.Thesubsequentblock
with roundededgesrealizesa time shift to zeroandthe
neighboring\ � U positions.This is doneapplyingthe
shift propertyto thereservedcarriers.Theshift to zero
is required,sincean arbitraryfilter responsewill also
placethepeakof theDirac-like function to somearbi-
trary position. The division by Ur| 2�}[ 1 2

normalizesthe
peakto unity.

For actualpeakreduction(see,Fig. 5), oneof the \
vectorswith thedesiredpeaklocation(at thecancella-
tion position)is selectedin theoversampleddomainand
in parallel,thesameselectionandupdatingoperationis
performedwith thecorrespondingvectorsbeforeover-
sampling.This proceduregeneratesa time-domainsig-
nal in theoriginalsamplingratethatcanthenbefedinto
the real existing filter. Theupperpartof Fig. 5 shows
theprocessingof thenon-oversampledsignal,whereas
thelowerpartshows theparalleloperationsin oversam-
pledmode.For iterative subtraction,thenecessaryshift
is split into ashift in theoriginalnon-oversampledspac-
ing ~ � |8\�� andthe remainingshift of a fractionof the
original spacingis realizedby thechoicewithin theset
of \ functions(index �_� 3���� \ � ).
Theresultingoversampledsignal �� at theendof theit-
erationsafterthestopconditionhasbeenreachedis usu-
ally not required,sincethenon-oversampledsignalis to
befed throughtherealexisting filter. Notethattheiter-
ativeprocedureis controlledby theoversampledfiltered
signal and the non-oversampledis just computedto-
getherwith it. As output,however, thenon-oversampled
andnotfilteredsignalis required.Theiterationsareter-
minatedwhen all samples’absolutevaluesfall below
thetarget level 0 <?>D@�A�CY< or themaximumnumberof iter-
ationsF 1 >/J hasbeenreached.

We will study two differentfilter responses:a rect-
angularresponsewhich limits the bandto exactly half
of theoriginal samplingfrequency ( Ur| ��� \ � of theover-
sampledone),anda Butterworth filter responsechosen
similar to thedefinitionin theITU-T G.996.1standards
documentstatinga typical ADSL roll-off (additionally,�/�?� � 0 � |g0 -roll-off from sampleandhold),�+��� � u�� � � U���W����� v j L�W� , � l/��Y� � U�� � (5)

with � � �N�
3dB

�ri l x � (Z K (��PZ �  � �
where�

3dB denotesthe3-dBedgefrequency. Theorder
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O | � is selectedto be 6. The correspondingamplitude
response(squared)is

2 �+��� � uk� � 2 v¡� UU�S � �� 3dB
� � s (6)

Togetherwith the �/�¢� � 0 � |g0 -roll-off, we obtainfrom (5)

�+��� � u�� � � U� �W����� v j L�W� , � l/�� � � U � � �/�?� � �+£ � | ����+£ � | � � (7)

with £ � thesamplingrate(2.208MHz for ADSL).
TheButterworth filter doesnot strictly limit theband

accordingto thesamplingtheorem.As hasbeenstated
in (4), a time-shift resultsin a rotationin the DFT do-
main, if we considerextendedvectorsaccordingto the
oversampling. A phaserotation in the non-extended
DFT-domainvectorcannotrepresentrotationsin alias
bands. This causesdifferencesin the shapeof the \
shiftedversionsof theDirac-like functions.Theensem-
blesof four ( \ �N] ) Dirac-like functionsattheoutputof
therectangularandtheButterworth filters areshown in
figures6 and7, respectively. Theimpulsesat theoutput
of theButterworth filter donotalwaysshow thedesired
optimumlocationsof thepeaks(aliasing).This maybe
controlledby modifying therotation.

The correspondingvectorsat the input of the filters
(not shown) areevenfurther from theequidistantspac-
ing. However, theDirac-like propertiesandright posi-
tionsarerequiredfor theoutputof thefilter, not for the
input.

I I I .PERFORMANCE RESULTS

We comparethe resultsof our new approachto the
original non-oversampledTelladomethod.In all cases,
theperformanceat theoutputof thetransmitfilter is in-
vestigated.Figure8 shows theconvergencein stepsof
10 iterationsof thenew approachdependenton thetar-
getPAR andthestepsize.Figure9 comparesthecom-
plementarycumulative frequency distributionsover the
PAR, i.e., the probabilitiesof exceedinga given PAR,
andFig. 10 comparesthe correspondingdifferenthis-
togramsusing40 iterationsfor thenew algorithm. The
limiting effect of the procedureis clearly visible and
alsothedependency on the target PAR andon thestep
size. Theresultsshow that theperformanceof thenew
extendedmethoddoesnot seemto dependmuchon the
actualshapeof thetransmitfilter’s frequency response.
This is in contrastto theoriginalapproach,whereespe-
cially steepfilter slopeslike thatof thebrick-wall filter
lead to weak performances.Comparedto the filtered

original approach,we obtain PAR gains(at U�¤ j=¥ ) of
3.3 dB and1.9 dB for the rectangularand the Butter-
worthfilters,respectively, andweareonly0.6dB off the
performanceof theunfilteredoriginal approach(which
cannotbeachievedin reality).

IV.CONCLUSIONS

We have describedan extensionto the peak-power
reductionschemeoriginally proposedby Tellado. The
method is basedon precomputingtwo setsof time-
domainvectorsbefore andafter thetransmitfilter. The
onesafterthetransmitfilter havesinglespikesatneigh-
boringpositions.TheseDirac-likevectorsaregenerated
by reservedcarriersandareusedto reductethepeakval-
uesby iterative subtraction. In order to determinethe
oversampledtime-domainsignal, a larger FFT size is
required,which determinedthecomplexity. Theproce-
dureproved to deliver significantPAR reductiongains
almostindependentof theactualfilter response.

Acknowledgement

Theauthorswouldlike to thankJossySayirfor his thor-
oughreadingandvaluablecomments.

REFERENCES

[1] Tellado, J., Cioffi, J.M., “PAR Reductionin Multicarrier
TransmissionSystems”, Delayed Contribution ITU-T 4/15,
D.150(WP1/15),Geneva,February9-20,1998.

[2] Tellado,J., Cioffi, J.M., “PeakPower Reductionfor Multicar-
rier Transmission”,Globecom’99, Rio deJaneiro,Brazil, Dec.
5-9,1999.

[3] Tellado, J., Cioffi, J.M., “PAR Reductionwith Minimal
or Zero BandwidthLoss and Low Complexity”, Contribution
T1E1.4, 98-173,June1-5,1998.

[4] Tellado,J., Cioffi, J.M., “FurtherResultson Peak-to-Average
RatioReduction”,ContributionT1E1.4, 98-252,Aug. 31,1998.

[5] Tellado, J., “Peak-to-AveragePower Reductionfor Multicar-
rier Modulation”, Ph.D.thesis, StanfordUniversity, Sept.1999.



31-4 6th InternationalOFDM-Workshop(InOWo) 2001,Hamburg

¦§

¦

¨

©

© ©

ª ªª ª

© ©

«¬


®
¯

©

°

±³²

±�² �"Choiceof reserved

to constant

Search��� 2�}[ 1 2
for whichcarriersandsetting

´

´´´´

´ ´

LP 2�}[ 1 2 �43�587 � 2�}[ � 2

µ·¶¹¸�ºo»cº�¼�¼�¼Yº�´¾½¿» ÀÁ_ÂÃPÄ Á�ÅwÆÈÇEÉ�ÊrËÍÌ µ?½ Ä+Î´�Ï ÐXÑÓÒÕÔ

IFFTz

LP

Ö * � .

×Ö * � .

IFFTy:z

IFFTy:z

Ø�ÙÚ�Û

Fig. 4. Procedurefor producingthetwo setsof Dirac-like functions( Ü denotesthesetof reservedcarriers.)

ÝÞß ßßàà

áâß ßßãã äÝ ßß ßå å

â æßß ßç ç

ß è

è

é�êë�ì
è

í

ªª
¨

¨ ª ª

¨

ª ª
¨

î

¨ ªî

î

î

ª

î

¬



®

¯

ª

ª

ï ï ï ï ïñð ð ð ð ðïïïïïððððð
¨

ª

ª

STOP

±³²

STOP

nein

STOP

F�GòF�ó�ô�õ
ja

Á¢Âö Ìø÷ ÎÄ Ákù öPú¢ûcüYý/þoú
OR

START

START

ÿ *ø,/. ÿ * � . ÿ * �?KML .

×ÿ * �?KML .×ÿ * � .

" * 1 ó���� y . � ~ � |8\��

�" * 1 ó���� y . � \ ~ � |8\��

O � }0 * � .1 � sign� }0 * � .1 �M� 0 <?>/@BADCE< �

Search��� 2_}0 * � .1 2
for which

" * � .
�" * � .

�����
	��	�������	������2_}0 * � .1 2 �43�587 � 2_}0 * � .� 2
LP

Ø�ÙÚ�Û

Ø�ÙÚ�Û

Ø�ÙÚ�Û

Ø�ÙÚ�Û
�
�

�
�

Fig. 5. Procedurefor peakreductionby iterative subtractionof dirac-like function in oversampledandnon-oversampled
domain



6th InternationalOFDM-Workshop(InOWo) 2001,Hamburg 31-5

����� �
 �!�" #

$
%�& '
(�) *
+�, -
.�/ 0
1

24365 798;: < =?> @BA
C�D�EGFIH JLKMIN

OPRQ SLTVU W X�Y[Z]\^TVSG_RU Y�`aT�U bY

Fig. 1. Centralsectionof aDirac-like time-domainvectorof
Tellado’soriginalprocedure

c dfeag h
ikj
lnm h
c�oqp m g drc
s�tku u v
w xIyrw uqz;{q| } u v
w

~�� �q�k�r���� � � � �
�

���V�[�

��� � ����� ��������� ����
���k�V�I�a�k�V�¡ ¢

£a¤ ¥�¦¨§

©�ª «�¬®

¯�° ±�²´³

µa¶ ·�¸´¹

ºa» ¼�½9º

¾

¿ À Á Â Ã�Ä Å�Å Æ�Ç È�É ÊkË Ì�Í

Fig. 2. Complementarycumulative frequency distributions
over thePAR for Tellado’soriginalprocedurebeforeand
afterfiltering; convergencewith first 10iterationsandthe
40th(thicker)

Î�Ï Ð
Ñ�Ò

Ó�Ô Õ
Ö®×

Ø�Ù Ú
ÛqÜ

Ý�Þ ß
à®á

â�ã ä
å�æ

ç®èré ê ë´ìfí î ï®ðrñ ò ó ôrõ ö ÷rø ù úrû ü

ý�þ ÿ ������ÿ
� þ � ÿ ��� þ 	�


� ���� ��������� ����� � � � ���
����� � �! "$#� � %'& ( ) � �� 

* +!, -�. / 01+32 * +54�67+!8�9;:=<?>@BA

C

DFE G H�I�JKG
L!M I5N�O5PQPRE S�T

Fig. 3. Histogramof voltagesamplesapplying Tellado’s
original procedurebeforeandafter filtering ( Ü denotes
thesetof reservedcarriers)

U7VXWZY\[ ]_^�`Xa

b�c\d e_fFg h i�jlk_mnfFeZo\g jqp�fFg r�j

s t7u v

w x7y z

{ |7} ~

�

�7� �

�7� �

�7� �

�7� �

�

���n�1� � �1� � �1� ���K�

Fig. 6. Centralsectionof a Dirac-like functionat theoutput
of a brick-wall filter

���F�Z�\� �¡ �¢X£

¤�¥\¦ §_¨F© ª «�¬l_®n¨F§Z¯\© ¬q°�¨F© ±�¬

² ³�´ µ

¶ ·�¸ ¹

º »�¼ ½

¾

¿�À Á

Â�Ã Ä

Å�Æ Ç

È�É Ê

Ë

Ì�Í�ÎKÎ Ï ÐKÑ Ò ÓKÔ ÕnÖ1Ö

Fig. 7. Centralsectionof a Dirac-like functionat theoutput
of a Butterworthfilter

×�Ø ÙXÚRÛ

Ü�Ý ÞXßáà

â�ã äFåRæ

ç�è éXêQë

ì�í îXï1ì

ð

ñ ò ó ô�õ ö�ö ÷;ø ù�ú û7ü ý;þ

ÿ�� �� � � � � � �
a = 0.5

	�
 � ��� ��������� ���������! "�$#��! %�'&(

)!*"+�,

-/.102 3 4 5 6 287�9 :
a = 0.7

;%< = >�?A@�=
BAC ?EDGF�HIHJ< K�L

Fig. 8. Convergenceof thenew extendedprocedurein steps
of 10 iterations(40thiterationthicker)



31-6 6th InternationalOFDM-Workshop(InOWo) 2001,Hamburg

MON P QSR�TSPU N V P W�X

YSZO[A\

]$^ _ `�`�_ a!bdcfe�g hji�kAlmkon�c�pjkSnOcrqs

t�u vGw x

y�z {�| }

~�� �G�m�

��� ��� �

��� �G�I�

�

� � � � �!� �o� �o� �S� ���

�S���
�E����  ¡j��¢�£¤ ¡�¥ £¦ § ¨ ¥ ��  ©

ª!«�¬
A®�®�¯ °j�±�²³ °�´ ²µ ¶ · ´ «E¯ ¸

¹ ºj»�¼ ½A¾!¿EÀ�Á ½A¹ÃÂ Ä Á ¼ º�¹
ÅÃÆSÇ Ç È�É ÊÌË�É Ç Í%Î Ï Ð Ç È�É

ÑÓÒÕÔÖ × Ø Ù Ú Ö�Û
a = 0.5

ÜÓÝ�Þß à á â ã ßåä�æ ç
a = 0.7

Fig. 9. Comparisonof the complementarycumulative fre-
quency distributionsover the PAR of the new extended
procedure(40 iterations)in relationto Tellado’s original
approach

è$é ê ëSìGíoê
îjï ì�ð�ñ�òóòIé ôSõ

ö ÷Gø ùjú û üo÷þý ö ÷�ÿ��S÷������	��
��

�
��� �����

��� �����

���  �!#"

$�% &�'�(

)�* +�,�-

.�/�0 1 2�354 6 7�859 : ; <5= > ?�@ A B5C D

EGF H IKJ�L�HM F N H O�P F Q�R

S TVUXW Y�ZK[]\�^ Y�S`_ a ^ W T�S
b S a []a Z�Y�^dceTXW f bVg
hjijk k l�m npo�m k qsr t u k l�m
o�m t v�t wKx]uzyelXk qKoV{

|K}�~
������� �V������ �X� �� � � � }�� �

������ � � � � ��� a = 0.5
������ � � �   �e¡X¢ £ a = 0.7

Fig. 10. Comparisonof histogramsof thenew extendedpro-
cedure(40 iterations)with Tellado’soriginalapproach


